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Abstract

The aim of this paper is to characterize the extinction coefficient, the scattering albedo and the scattering phase function of b
of spherical particles containing an absorbing and scattering medium. The radiative properties of the medium contained in the pa
assumed to be known. Moreover, the particles in the bed are large compared to the wavelength considered and are supposed to b
distant from each other to scatter radiation independently. Thus, the characteristics of the whole bed can be determined from the
of the particles alone. These properties are computed using a Monte Carlo procedure which simulates the interaction of one par
plane incident wave. The characteristics of the whole bed are determined using the independent scattering theory by adding the co
of each particle. The evolutions of these characteristics with the properties of the inside medium, the porosity of the bed and the ra
particles are investigated.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

The modeling of radiative transfer in particulate me
is of primary importance for the prediction and optimiz
tion of the insulating capabilities of such materials in ma
engineering applications. An extensive review of radia
transfer in dispersed media was carried out by Viskanta
Mengüç in 1989 [1], and by Baillis and Sacadura in 2000
Some examples of these materials include packed beds

In order to evaluate radiative heat transfer, radiative c
acteristics are required in conjunction with the integ
differential RTE. These characteristics are: the extinction
efficientβ, the scattering albedoω and the scattering phas
function P(θ). Radiative transfer prediction then depen
on the accuracy not only on the radiative characteristics
ues but also on the radiative transfer modeling technique
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particulate media, in order to predict those characteristic
is necessary to know how the particles individually inter
with incident radiation upon them.

The question concerning the interaction of radiation w
a particle can be solved by considering a plane, monoc
matic wave incident upon a particle of given shape and s
This has been done for spheres of given optical constan
resolving the Maxwell’s equation with the Mie theory [3
7]. Moreover, numerous studies have already been mad
model the radiative transfer in beds of spherical partic
and which deal with independent or dependent scatte
and the limits of application of the theory of independ
scattering [2]. Several of these studies use the hypothes
independent scattering which assumes that the interacti
one particle in the bed with the radiation field is not infl
enced by the presence of other particles. As an example
can cite the works of Dombrovsky [8] on semi-transpar
particles, and Fedorov [9] on glass foams made of air b

bles in a semi-transparent matrix. Other researchers have
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Nomenclature

an nth Legendre coefficient
D random generated number
dist distance travelled by the ray in the inside

medium before interception . . . . . . . . . . . . . . . m
dω(θ ′

i ) the solid angle around directionθ ′
i . . . . . . . . . Sr

dx,dy,dz directing cosines of the ray’s direction on the
different axis

nmax order of the expansion in Legendre polynomials
Npart the number of particles per unit volume of the

bed . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m−3

P(θ) scattering phase function
Q extinction efficiency factor
R radius . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m
Spart the cross section of the particles. . . . . . . . . . . m2

x, y, z coordinates of the ray on the different axis . . m

Greek symbols

λ wavelength . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . m

β extinction coefficient . . . . . . . . . . . . . . . . . . . m−1

ω scattering albedo
ε porosity
θ scattering angle . . . . . . . . . . . . . . . . . . . . . . . . . rad
θ ′ angle between the starting ray and the ray

scattered away from the sphere . . . . . . . . . . . ra
φ azimuthal scattering angle . . . . . . . . . . . . . . . . rad
ν size parameter of the particle,= 2πRpart

λ

Subscripts

bed of the bed
part of the particle
ind from independent scattering theory
init initial
ins of the inside medium
leg Legendre polynomial
new new value
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tried to take into account the dependent effect in beds m
of opaque or semi-transparent particles. Most of these
thors used ray-tracing approaches given that they perm
take into account the influence of the neighbouring parti
on the radiation field arriving on a particle. We can cite
work of Chan and Tien [10], Kaviany and Singh [11,1
Kamiuto [13] and Coquard et al. [14].

All these studies were interested in beds made of sph
cal particles containing a non-scattering medium with gi
optical constants and only few works have dealt with rad
tive properties of spherical particles containing an absorb
and scattering medium. Mishchenko and Macke [15] us
method combining ray tracing and the Monte Carlo (RTM
technique to compute the asymmetry parameters for iso
spherical particles filled with large numbers of small sc
tering inclusions. However, they were only interested in
phase function of the particle and have not studied the
lution of the radiative characteristics of the particle w
the radiative properties of the inside medium. Sherma
Jones [16,17] used the technique developed by Mishch
and Macke to validate an approximate formula designe
compute the absorption and scattering efficiencies of sp
ical particles containing spherical inclusions. Neverthel
the inclusions were considered purely absorbing.

In this study, we investigate all the radiative characte
tics of media made of the arrangement of spherical parti
containing an absorbing and also scattering medium wh
properties are known. The evolution of these characteris
is studied. In the beds considered, the particles are supp
to be sufficiently distant from each other to scatter radia
independently. The results obtained could be interesting
number of applications such as the radiative heat transf
PSE foams, the radio-wave propagation in urban setting

microwave propagation in anechoic chambers.
d

Firstly, we focus on radiative characteristics of one p
ticle alone using a Monte Carlo procedure which simula
a plane incident wave on the particle. The influences of
radiative properties of the medium contained in the parti
and of the radius of the particles on the particle radia
characteristics are discussed. Moreover, a special atte
is put to study if there are simple relations between ins
radiative characteristics and those of the bed.

Thereafter, the radiative characteristics of the whole b
are calculated using the independent scattering hypo
sis. The evolutions of the extinction coefficient, scatter
albedo and phase function with the porosity, the radius o
particles and the properties of the inside medium are qu
tatively studied.

We precise that a pioneer work on the evolution of
radiative properties of beds made of opaque, absorbing
reflecting spherical particles [8], which uses a similar Mo
Carlo technique, has already been conducted. The resu
the model developed were validated by comparing the
diative properties obtained by this model with correlatio
given by different authors, and by comparing the transm
tances measured by Chen and Churchill on beds of me
spherical spheres of given thickness with the theoretica
sults obtained using our method. The accordance prov
be quite good.

2. Hypotheses of the study

First, we assume that the radiusRpart of the spherical par
ticles of the beds is much greater than the wavelengλ
of the thermal radiation studied. For a radiative heat tra
fer calculation at 300 K, most of the wavelength concer

ranges between 5 µm and 50 µm. We will consider beds
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made of particles with radius greater than 100 µm. As a
sult, the size parameterν of such particles is much great
than 1 and then, the radiation/matter interaction can
treated using the geometric optics laws.

Moreover, the influence of diffraction on the radiati
heat transfer is neglected. Indeed, the diffraction phase f
tion for particles with a large size parameterν is predomi-
nantly oriented in the forward direction and diffracted ra
are very close to transmitted rays. We then assume, here
diffraction can be treated as transmission.

The extinction coefficientβins, the scattering albedoωins
and the phase functionPins(θ) of the medium contained i
the spherical particles are constant and homogeneous
are supposed to be known. The scattering properties o
medium contained in the spherical particles are indepen
of the azimuth angle (azimuthal symmetry) and the ph
function is expressed in the form of an expansion in Leg
dre polynomials. Then we have:

Pins(θ) =
nmax∑
n=0

anP
n
leg(θ)

Given that the medium is made of spherical particles
that the scattering properties of the inside medium are in
pendent of azimuth angle, we assume that all the scatte
properties of the bed are independent on the azimuth a
(azimuthal symmetry).

Finally, we will also consider that the refractive index
the inside medium is equal to unity and, therefore, no refl
tion occurs at the interface between the air and the sphe
particles.

3. Radiative characteristics of spherical particles alone

3.1. Description of the ray-tracing method for one particle

Interaction of light with a spherical particle can be d
scribed by three radiative characteristics. These charac
tics are:

• the extinction efficiency factorQpart corresponding to
the fraction of incident radiant energy that is absorb
or scattered by the particle;

• the albedoωpart corresponding to the fraction of inte
cepted energy that is scattered away from the partic

• the scattering phase functionPpart(θ) which describes
the angular distribution of the energy scattered aw
from the sphere.

We have developed a method based on a 3-D Mo
Carlo procedure in order to determine these characteri
for spherical particle containing an absorbing and scatte
medium. This method simulates the interaction of a pl
incident wave with the particle. The plane incident wa

is divided in light rays of unit energy which are uniformly
t

d

t

l

-

Fig. 1. Illustration of the interaction of a plane incident wave with the sp
ical particle.

spread on the enter face of the spherical particle (see Fig
The path of each ray is analyzed by the 3-D procedure in
Cartesian coordinate systemx, y, z centered on the center o
the particle:

(1) The starting coordinatesxinit and yinit of this ray are
randomly chosen using random generated numberDi

(0< Di < 1) by:

xinit = (D1 − 0.5) × 2× Rpart

yinit = (D2 − 0.5) × 2× Rpart

(2) If
√

x2
init + y2

init > Rpart, the ray will not hit the parti-
cle. Operation (1) is then repeated until the ray hits
sphere.

(3) The direction of the plane incident wave is arbitrar
chosen along thez-axis. Then, the starting directions
the generated ray are set to:

dx = 0, dy = 0, dz = 1

(4) The procedure determines the coordinatex, y, z of the
point where the ray hits the particle. We have:x = xinit ,

y = yinit andz = −
√

R2 − y2
init − x2

init .
(5) The distancedist traveled by the rays in the particle b

fore being intercepted is computed from the extinct
coefficientβins and from a random generated numberD

by:

dist = −Ln(D)

βins

(6) The coordinate of the point where the ray is intercep
are calculated by

xnew= x + dist × dx

ynew= y + dist × dy

znew= z + dist × dz

The procedure continues with the new valuesx = xnew,
y = ynew, z = znew.
• If

√
x2 + y2 + z2 > Rpart, the ray has left the sphere

– If it has never been scattered by the inside medi
the ray is transmitted through the particle (tra

mitted ray). The parameterntrans is incremented.
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The procedure for the current ray stops and it st
again from operation (1) with a new starting ra
The parametercompt counting the number of ray
generated is incremented.

– If it has already been scattered one or sev
times, the procedure calculates the angleθ ′ be-
tween the incident and leaving direction. We ha
θ ′ = cos−1(dz). The parameterS(θ ′) is incre-
mented. The procedure for the current ray st
and it starts again from operation (1) with a ne
starting ray. The parametercompt is incremented.

• If
√

x2 + y2 + z2 < Rpart, the ray is still in the par-
ticle. The procedure continues and goes to op
tion (7).

(7) The procedure determines whether the ray is scatt
or absorbed by the inside medium using a random g
erated numberD.

• If D > ωins, the ray is absorbed by the inside mediu
The parameterAbso is incremented. The procedure f
the current ray stops and it starts again from ope
tion (1) with a new starting ray. The parametercompt
is incremented.
• If D < ωins, the ray is scattered by the inside mediu
The choice of the scattering angleθ is dictated by the
scattering phase function of the inside medium. Inde
the probability for the incident ray to be scattered in
direction making an angleα with the incident direction
is equal to:1

2Pins(α)sin(α)dα. The scattering angleθ
is then determined from the scattering phase func
Pins(θ) using random numbersD (0 < D < 1) by com-
puting the value ofθ which satisfies the relation:
∫ θ

0 Pins(α)sin(α)dα∫ π

0 Pins(α)sin(α)dα
= D

The values of the integrals are determined analytic
whereas the value ofθ is identified by dichotomy. As the
inside medium scatters with azimuthal symmetry,
azimuthal scattering angleφ is randomly chosen usin
a random numberD: φ = 2π × D. The procedure the
determines the new direction dxnew, dynew and dznew of
the ray from the former direction dx, dy, dz and from
the anglesθ andφ. After several changes in the coord
nate system, we have:
– If dy > 0,




dxnew= sin(θ)sin(φ)cos(sin−1(dx))

+ sin(θ)cos(φ) × dz × dx

+ cos(θ)sin(cos−1(dz)) × dx

dynew= −sin(θ)sin(φ) × dx

+ sin(θ)cos(φ) × dz × cos(sin−1(dx))

+ cos(θ)sin(cos−1(dz))cos(sin−1(dx))

dznew= cos(θ) × dz

−1
− sin(θ)cos(φ)sin(cos (dz))
– If dy < 0,



dxnew= −sin(θ)sin(φ)cos(sin−1(dx))

+ sin(θ)cos(φ) × dz × dx

+ cos(θ)sin(cos−1(dz)) × dx

dynew= −sin(θ)sin(φ) × dx

− sin(θ)cos(φ) × dz × cos(sin−1(dx))

− cos(θ)sin(cos−1(dz))cos(sin−1(dx))

dznew= cos(θ) × dz

− sin(θ)cos(φ)sin(cos−1(dz))

Then, the procedure goes back to operation (5) with
new values of dx = dxnew, dy = dynew and dz = dznew.
The procedure stops when the number of rays gener
compt reaches a large fixed valuentirs. The procedure is
summarized by the diagram on Fig. 2.
For a great number of rays generated, we can comp
• Trans = ntrans

ntirs : the proportion of the starting energ
that pass through the particle without being scatte
or absorbed (transmitted rays);

• Sca = ntirs−Abso−ntrans
ntirs : the proportion of starting en

ergy leaving the particle after one or several scatte
by the inside medium (scattered rays);

• Abs = Abso
ntirs : proportion of starting energy absorbed

the particle;
• E(θ ′) = S(θ ′)∫ 180

0 S(θ ′)dθ ′ : the average angular repartitio

of the energy scattered outside the particle. In pr

Fig. 2. Diagram for the Monte Carlo procedure simulating the interac

of the plane incident wave with the particle.



930 R. Coquard, D. Baillis / International Journal of Thermal Sciences 44 (2005) 926–932

re

are

re-
ed,
e
x-
in-
h th
and

ar-
tive
d to

gen-

ber
c-

hase
lue.

m

he

im-
ons
hen

y is
, in
nen-
n

t
hase

lue
s the
er

f the
ds to

is
be

then
rac-

the
cat-
t is

s im-
is

tone

less
tice, the repartition is discretized forθ0 = 0◦, θ1 = 1◦,
. . ., θ180= 180◦. Then, all the rays leaving the sphe
with an angleθ ′ comprised betweenθ ′

i − 0.5◦ and
θ ′
i + 0.5◦ are regrouped inS(θ ′

i ).

The radiative characteristics of the spherical particle
then calculated by:

Qpart= (1− Trans)

ωpart= Sca

(1− Trans)

Ppart(θ
′) = E(θ ′)dΩ∫

Ω=4π
E(θ ′)dΩ

Usually, all the rays hitting a particle are reflected,
fracted or absorbed, and then, if diffraction is neglect
we haveQpart = 1 (Qpart = 2 if diffraction phenomena ar
taken into account which constitutes the well-known “e
tinction paradox”). However, in our case, given that the
side medium is not opaque, some rays can pass throug
particle without being refracted, absorbed nor scattered
then 0< Qpart� 1.

3.2. Evolution of the radiative characteristics of one
particle

In order to characterize the influence of the radiative ch
acteristics of the inside medium on the particle’s radia
characteristics, the ray-tracing method have been applie
different particles. For every cases, the number of rays
erated during the Monte Carlo procedure isntirs = 106.

The calculations tend to show that dimensionless num
βinsRpart is of great importance. The evolution of the extin
tion efficiency, the scattering albedo and the scattering p
function of the ball is indeed strongly dependent on its va
We also observe that the way of evolution withβinsRpart is
practically the same whateverωins andPins(θ) are.

As regards the extinction efficiency factorQpart, it only
depends on the value ofβinsRpart. Its evolution is depicted
on Fig. 3. The convergence ofQpart has been estimated fro

Fig. 3. Evolution of the extinction efficiency factor of the particle with t

dimensionless numberβinsRpart.
e

the amplitude of the fluctuations of its value for several s
ulations using different random numbers. The fluctuati
of the results proves to be always lower than 0.1% w
ntirs = 106.

As can be seen, the evolution ofQpart is close to(1 −
e−βinsRpart) and then tends to the asymptoteQpart = 1 when
βinsRpart reaches large values. Most of the incident energ
then intercepted. This result is not surprising given that
semi-transparent medium the intensity decreases expo
tially when the extinction coefficient grows. This evolutio
is of course independent onωins andPins(θ).

The variations of the scattering albedoωpart of the spher-
ical particle withβinsRpart are shown on Fig. 4 for differen
cases. Its value also depends on the albedo and the p
function of the inside medium. The fluctuations on the va
of the albedo has been estimated by the same manner a
extinction efficiency factor and turns out to be always low
than 0.1% whenntirs = 106.

For smallβinsRpart values,ωpart is close toωins. Indeed,
in this case, most of the rays that are scattered out o
sphere are scattered only one time and then correspon
the single scattering albedo of the inside medium.

On the other hand, whenβinsRpart is large enough, the
ωpart can be noticeably smaller thanωins. For example, when
βinsRpart = 8 and ωins = 0.9, the albedo of the sphere
0.57 for an isotropically scattering inside medium. It can
explained by the fact that whenβinsRpart is large, the rays
that go out the sphere undergo several scattering and
cover a long distance before leaving the volume. The f
tion of intercepted energy which has been absorbed by
particle is then more significant than when the rays are s
tered a small number of time. So, the fraction energy tha
scattered away from the sphere becomes less and les
portant whenβinsRpart values increase. This observation
confirmed by the calculations since Fig. 4 shows a mono
decrease ofωpart with βinsRpart in all cases.

Fig. 4. Evolution of the particle’s scattering albedo with the dimension

numberβinsRpart for different inside medium.
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Fig. 5. Evolution of the scattering phase function of the particlePpart(θ)

with the dimensionless numberβinsRpart for an isotropically scattering in
side medium.

The scattering phase functionPins(θ) of the inside
medium also have a slight influence onωpart as shown on
Fig. 4. For a predominant forward scattering phase func
of the inside medium(Pins(θ) = 1 − cos(θ)) the decrease
of ωpart with βinsRpart is more pronounced in the two cas
(ωins = 0.9 andωins = 0.3). Indeed, given that, for large va
ues ofβinsRpart, the first scattering of the rays takes pla
near the entering face, the path covered by the rays be
leaving the sphere volume is longer when the rays are
dominantly scattered in the forward direction. The fract
of energy that leaves the sphere without being absorbe
then less important.

As regards the scattering phase function of the par
Ppart(θ), the value ofβinsRpart is also of great importance
The evolution ofPpart(θ) with βinsRpart is depicted in Fig. 5
for an isotropically scattering inside medium. The resu
show thatPpart(θ) could be strongly different fromPins(θ)

whenβinsRpart is large, as for the particle’s albedo. It see
that the spherical shape of the particle favours backw
scattering as shown on Fig. 5.Ppart(θ) is then no longer
isotropic as soon asβinsRpart exceed 0.5 and the sphe
scatters backward preferably. Indeed, the length of pen
tion of one ray in the ball before being scattered is v
small and the path length of a ray leaving the ball in a f
ward direction is therefore longer than that of a ray direc
back-scattered outside of the sphere. The amount of en
leaving the sphere in forward directions is then smaller.
notice that this “back-scattering effect” appears whatever
phase function of the inside medium is.

For very large values ofβinsRpart (> 8) Ppart(θ) tend to
the phase function of a diffusely opaque reflecting sph
which is characterized by no scattering in the incident
rection. The length of penetration of a ray in the spher
then so small that the only way for a ray to go out of
sphere without being importantly absorbed is to be dire
scattered out in a back direction. Therefore, the particles
have like a sphere which reflects the radiant energy with

same probability for all directions (diffuse).
Fig. 6. Evolution of the bed’s extinction coefficient with the porosity
different radius of the particles and different extinction coefficient of
inside medium.

ωins also has an influence onPpart(θ) as shown on Fig. 5
For small values ofωins, the “back-scattering effect” du
to the spherical shape of the particle is more pronoun
than for larger values. Indeed, the energy of the rays s
tered away from the sphere in forward directions and wh
leaves the ball after several inside scattering is much sm
for smallωins than for greatωins. Then, it also favors back
scattering.

4. Radiative characteristics of the whole bed

When independent scattering occurs, the extinction c
ficient as well as the scattering albedo and phase functio
the whole bed can be simply determined from the contr
tions of each particle. We then have:

βind = Npart× Spart× Qpart

ωind = ωpart and Pind(θ) = Ppart(θ)

For spherical particles, we have:

Npart= 1− ε

4
3πR3

part

, Spart= πR2
part

and then

βind = 0.75× (1− ε)

Rpart
Qpart

We have represented on Fig. 6 the evolution of this
tinction coefficient with the porosity for beds containi
particles with different radiusRpart and different extinction
coefficientβins.

The extinction coefficient of the whole bed is linearly d
pendent on(1 − ε). The dependency factor varies withβins
andRpart.

We also have depicted on Fig. 7 the variation ofβind with
Rpart for different values ofβins for a bed withε = 0.95.

We remark that the greater isRpart, the lower is the ex-
tinction coefficient of the whole bed, whatever the values

βins is. We also observe logically that the greater isβins, the
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Fig. 7. Evolution of the extinction coefficient of the bed with the radius
the particles for different extinction coefficient of the inside medium.

more important isβind. Indeed, as was said before, the va
ation of the extinction efficiency factorQpart are close to
1− e−βinsRpart. Then, we have:

βind ≈ 0.75× (1− ε) × (1− e−βinsRpart)

Rpart

For large values ofβinsRpart (> 2), βind is practically in-
dependent onβins, given thatQpart∼= 1. The variation ofβind
with Rpart is then quasi-proportional to 1/Rpart.

As regards the scattering albedo and scattering p
function, the conclusions are the same as for the par
alone given that the scattering characteristics of the w
bed are equal to those of one particle alone. Thus,
albedo of the bed decreases when the dimensionless nu
βinsRpart increases and is always lower than the albedo of
inside medium. Moreover, the phase function of the bed
vors back-scattering when compared to the phase func
of the inside medium. This effect is more pronounced w
βinsRpart is large.

5. Conclusions

The innovative part of this paper consists in determ
ing the radiative characteristics of beds made of sphe
particles containing an absorbing and scattering med
The particles are assumed to scatter radiation independ
and then, the characteristics of the whole bed are obta
from the properties of one particle alone. The computa
of these properties is based on a Monte Carlo procedure
simulates the interaction of a plane incident wave on the
ticle.

The characteristics of the particle alone prove to
strongly dependent on the dimensionless numberβinsRpart
and on the properties of the inside medium. We notice
the scattering albedo and phase function of one par
could greatly differ from those of the inside medium. E
pecially, the albedo of one particle is always lower than t
of the inside medium. Moreover, the phase function of
particle scatters backward in a more important manner
the phase function of the inside medium. In the case o
isotropically scattering inside medium, the phase functio
the particles varies between the phase function of the in
r

y

t

medium and that of an opaque diffusely reflecting sph
when the non-unit numberβinsRpart increases.

As regards the radiative characteristics of the whole b
we conclude that the extinction coefficient is linearly dep
dent on(1− ε). However, it varies in a complicated mann
with the radius of the particles and with the extinction coe
cient of the inside medium. We propose a formula to appr
imate it easily according to the porosity, the particle rad
andβins. Given that the particles are supposed to scatte
dependently, the evolution of the scattering albedo and p
function of the bed is the same as for the particles alone

We, thus, have characterized the radiative behavio
such beds whose porosity is sufficiently important to c
sider that the independent scattering theory is valid. In o
to take into account the dependent scattering effect, mor
vestigations are required.
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